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1. Introduction
Let M and TV be topological manifolds of dimensions m and n respectively and
suppose k = n — m > 0 and that M is closed. For a continuous map / : M —> TV, a
homology class θ(f) e H
m
-k(M;Z2) has been defined in [3, Definition 2.5]. This is a
homotopy invariant of / and has the property that, when M and TV are smooth man-
ifolds, if / is homotopic to a topological embedding,1 then θ(f) vanishes (see [3]).
Thus θ(f) can be regarded as a (primary) obstruction to topological embeddings.
In [2], bordism invariance of the obstruction θ(f) has been studied. Let f\ and
fa:M-^Nbe two continuous maps between smooth manifolds, where their source
manifolds coincide with each other. Suppose that Hm~k(M;Z2) is generated by the cup
products of the Stiefel-Whitney classes of M. Then it has been shown in [2] that if f\
and fa are bordant [5], then θ(f\) = Θ(f2). This bordism invariance of the obstruction
has played an important role in the study of topological embeddings of even dimen-
sional projective spaces [2]. Note that the condition on Hm~~k(M; Z2) is essential in
the above result as the examples in [2, §4] show.
In this paper, we first define the notion of R-bordism between two continuous
maps. Note that the corresponding notion for manifolds has been defined and studied
by Gibbs [7]. Suppose that f\ : M\ —> N and fa : M2 -> TV are continuous maps be-
tween topological manifolds, where M\ and M2 are closed and dim Mi = dimM2 = m.
Note that their source manifolds may be distinct. Then f\ and fa are /?-bordant when
there exists a bordism F : W —> TV between them such that the cobordism W be-
tween Mi and M2 admits retractions to the boundaries (for details, see §3). In such a
case, as will be seen in §3, there exists a canonical isomorphism between the homolo-
gies of Mi and M2. Our main result of this paper is that if f\ and fa are /^-bordant,
then 0(/i) € //m_fc(Mi;Z2) and θ(fa) e //m_^(M2;Z2) correspond to each other un-
der this canonical isomorphism (Corollary 4.3). In other words, the primary obstruc-
tion to topological embeddings is invariant under R-bordism. We will also show that
1A continuous map is said to be a topological embedding if it is a homeomorphism onto its image.
In particular, topological embeddings in this paper may not necessarily be locally flat.
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Wi(f\) and u>i(f2) correspond to each other under the same isomorphism for all / > k,
where Wi(fj) denotes the i-th Stiefel-Whitney class of the stable normal bundle of /)
(j = 1,2). As an immediate corollary, we see that a continuous map / : M —> N
between smooth manifolds with θ(f) φ 0 (or Wi(f) φ 0 for some i > k) cannot be
/?-bordant to a topological embedding.
The paper is organized as follows. In §2, we recall the definition of the obstruc-
tion θ(f). In §3 we define the notion of 7?-bordism between two continuous maps
fι : M\ -• N and f2 : M2 -> N. Using the bordism theory due to [5], we give a ho-
mological characterization for two continuous maps to be R-borάant (Proposition 3.2).
In §4, we prove our main theorem. We also give an example of a continuous map /
such that θ(f) = 0 and w/(/) = 0 for all / > k, but that / is not /?-bordant to a
topological embedding. We also give various examples and discuss related topics.
Throughout the paper the homology and the cohomology groups have Z 2 coeffi-
cients unless otherwise indicated. The symbol " = " denotes an appropriate isomorphism
between algebraic objects.
The authors would like to express their sincere gratitude to Prof. T. Yasui for
stimulating discussions and many important suggestions. They also would like to thank
the referee for helpful comments and suggestions.
2. Primary obstruction to topological embeddings
Let us recall the definition of the primary obstruction for a continuous map to be
homotopic to a topological embedding.
Let / : M —> N be a continuous map of a closed m-dimensional topological man-
ifold M into an n -dimensional topological manifold N, where we suppose k-n — m >
0. Let [Λf] e H
m
(M) denote the fundamental class of M. Denote by Uf e Hk(N) the
Poincare dual (for example, see [16, Theoreme 0.3]) of /*[M] e H^(N), where H£
denotes the (singular) homology of the compatible family with respect to compact sub-
sets (see [14, Chapter 6, §3]), or equivalently the (singular) homology based on infi-
nite chains (see [10, §5 and §65]), or equivalently the (singular) homology with closed
support (see [16, p. 118]). In other words, /*[M] = Uf ^ [N], where [N] e Hcn(N)
is the fundamental class of N. Let the total Stiefel-Whitney classes of M and Λf be
denoted by w(M) e H*(M) and w(N) e H*(N) respectively and let w(M) e //*(M)
denote the total dual Stiefel-Whitney class of M\ i.e., w(M) - w{M)~x. Set w(f) =
f*w(N) ^ w(M), which is called the total Stiefel-Whitney class of the stable normal
bundle of f. We denote by wk(f) e Hk(M) the degree k term of w(f), which is the
k-th Stiefel-Whitney class of the stable normal bundle of / .
DEFINITION 2.1. We define
0(f) = (f*Uf - wk(f)) - [M] G Hm-k(M).
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Note that this is a homotopy invariant of / .
The above homology class has originally been defined in [3] and denoted by
θ\(f). In this paper, we use the notation θ(f) instead of θ\(f), which will cause no
confusion.
Many important results about /*£// and wk(f) e Hk(M) have been given in [3,
§2]. The most important property of θ(f) is that if / : M —> N is a continuous map
between smooth manifolds which is homotopic to a topological embedding, then θ(f)
vanishes (see [3, Theorem 5.1]). For this reason, we call the homology class θ(f) the
primary obstruction to topological embeddings.
The reason why we use the homology class instead of the corresponding coho-
mology class is that when M and N are smooth manifolds, θ(f) coincides with the
fundamental class carried by the closure of the self-intersection set of a generic map
homotopic to / (see [12], [3]).
3. β-bordism of continuous maps
In this section we define the notion of /^-bordism between two continuous maps,
which plays a central role in this paper.
Let f\ : M\ —> N and / 2 : M2 —> N be continuous maps between topological
manifolds, where dim M\ = dim M2 = m and M\ and M2 are closed.
DEFINITION 3.1. Two continuous maps f\\M\^N and / 2 : M2 -> Λf as above
are said to be R-bordant if there exist a compact (ra + l)-dimensional topological man-
ifold W with boundary and a continuous map F : W -> N such that
(1) W is a cobordism between M\ and M2; i.e., dW is identified with the disjoint
union of M\ and M2,
(2) there exist retractions r\ : W —• M\ and r2 : W -^ M2, and
(3) F\MX = /1 and F\M2 = f2.
We call W an R-cobordism between M\ and M2 and F : W -+ N an R-bordism
between f\ and / 2.
For example, if M\ = M2 and f\ and f2 are homotopic, then they are /?-bordant.
Note that if f\ and f2 are /?-bordant, then there exists a canonical isomorphism
between the homologies H*(M\) and //*(M2) (see [7, Theorem 1.2]). In fact, {r2oi\\ :
H*(M\) -> //*(M2) and (no/2)* : H*(M2) -> H*(M\) are isomorphisms and are inverse
of each other, where ιΊ : Λfi -• W and /2 : M2 -^ W denote the inclusion maps.
Furthermore, we have fπ = h* o(r 2 o/i), : H*{M\) -> H*(N) and /2sie = / i*o(n o/2)* :
H,(M2) -> H*(N), since
(3.1) /2* o (r2 o fi)^ = F* o ι2# o r2* o i u
(3.2) = F* o ί1+ o ru o /2* o r2* o ilHe
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(3.3) = F » o f
u
(3.4) = /„,
where the equation (3.2) follows from [7, Lemma 1.1]. Note that we also have the
corresponding results for cohomologies.
When the manifolds M\ and M2 admit differentiable structures, we can character-
ize the above relation as follows.
Proposition 3.2. Let M\ and M2 be closed smooth manifolds with the same di-
mension and N a topological manifold. Then two continuous maps f\ : M\ -» N
and / 2 : M2 —• N are R-bordant if and only if there exist two continuous maps
g\ : M\ —> M2 and g2 : M2 —> M\ such that gu : H*(M\) —> i/*(M2) and
g2* ' H*(M2) -> H*(M\) are inverse isomorphisms and that f2*og\* = fu '• H*(M\) —•
and f
u
 o g2* = f2* :
Proof. If /1 and /2 are /?-bordant, then the continuous maps g\ = r2 o i\ : M\ —•
M2 and ^2 = r i ° Ϊ*2 : ^2 -^ Λ^ i satisfy the required conditions as has been seen above.
Suppose conversely the existence of g\ and g2 Then by the proof of [7, Theo-
rem 1.7], we see that [Mi, id xg\] = [M2, g2 x id] e Mm{M\ x M2), where λίm denotes
the m-th bordism group with m = dimMj = dimM2 (see [5]) and "id" denotes the
identity map. Consider the images under the homomorphism
Λ/-
m
(M, x M2) ( i d x ( / | θ p ι ) ) * ,MJίM\ x Mi) x Λ0,
where p\ : M\ x M2 -^ M\ denotes the projection to the first factor. Then we have
[Mi, id xgi x /1] = [M2, g2 x id x(/i o g2)] e λfm(Mx x M2 x N). Since (/1 o g2)* =
/2* by our assumption, by an argument using the method of Stiefel-Whitney numbers
(see [5, (17.2) Theorem]), we see that [M2, g2 x id x(/i o g2)] = [M2, ^2 x id x/2] e
λί
m
(M\ x M2 x N). Hence we have [Mi, id xgi x f\] = [M2, g2 x id x/2]. Thus there
exist a (smooth) cobordism W between Mi and M2 and a continuous map F : W ->
Mi x M2 x V^ such that F|Mi = id xgi x /1 and F|M2 = g2 x id x/2. Then π = π\oF :
W —> M\ and Γ2 = 7Γ2 o F : W —>> M2 give retractions which restrict to g2 and ^1 on
M2 and Mi respectively, and F = 713 o F : W -^ N gives a continuous map such that
F|Mi = /1 and F|M2 = / 2, where πi : Mi x M2 x Λ^  -> Mi, 7r2 : Mi x M2 x N -> M2
and 7Γ3 : Mi x M2 x N ^> N denote the respective projections. Thus f\ and / 2 are
/^-bordant. This completes the proof. D
Corollary 3.3. Let M be a closed smooth manifold and N a topological mani-
fold. Then two continuous maps f\\M->N and f2'.M^N are R-bordant if
fu = h* HΛM) -• H*(N).
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4. /?-bordism invariance of θ(f)
We begin by the following lemma.
Lemma 4.1. Let f\ : M\ —> N and f2 : M2 -^ N be continuous maps of closed
m-dimensional topological manifolds M\ and M2 into an {m + k)-dimensional topolog-
ical manifold N with k > 0. If there exists a continuous map g : M\ —• M2 such that
g*[M\] = [M2] and g*w(M2) = w(M\), then we have g*#(/ 2og) = 0(/2). Furthermore,
if /1* = h* o g*, then we have g*θ(f\) = 0(/2).
Proof. Let ξ be an arbitrary element of Hm~k{Mi). Then we have
8)) = (g
= (g
= (8
= (g
= (ξ
= (ξ
•?,
((/2 O g) Uf2Og - U) t(/ 2 o g)) —
• tffiUk-wWO^ifiogri
g*(/2*t//2 — w(M2) ^ /2*ιυ(ΛO)
^ g*(/2*[//2 — uι(/2)), [Mi])
(/2*C//2 - «j(/2)), [M2])
, (/2*ί//2 - w(f2)) - [M2]>
[M,]>
- [Λfi]>
(4.1) <§,
(4.2)
(4.3)
(4.4)
(4.5)
(4.6)
(4.7)
where the equations (4.2) and (4.5) follow from our assumption that g*[Mi] = [M2]
and the equation (4.3) from g*w(M2) = w(M\) (and hence g*w(M2) = w(M\)). Thus
the first half of the lemma has been proved by the universal coefficient theorem. Fur-
thermore, if /1* = /2* o g*, then we see easily that θ(f2 og) = θ(f\) by Definition 2.1
and the universal coefficient theorem. This completes the proof. D
By the above lemma, we get the following.2
Theorem 4.2. Let f\ : M\ —* N and f2 : M2 —> N be continuous maps of
closed m-dimensional topological manifolds M\ and M2 into an (m + k)-dimensional
topological manifold N with k > 0. If there exists a continuous map g : M\ —> M2
such that g* : H*(M\) -> H*(M2) is an isomorphism and that /2* o g* = /i#, then we
have g,θ(fύ = θ(f2) and g*w(f2) = w{fx\
Proof. By [7, Lemma 1.4], we have
(4.8) g*w(M2) = w(Mx).
Thus by Lemma 4.1, we have g*θ(f\) = 0(/2). The second equality g*w(f2) =
2Theorem 4.2 has been suggested by the referee.
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follows from the definition of w(f\) and w(f2), (4.8), and the universal coefficient the-
orem. This completes the proof. D
As a corollary, we have the following main result of this paper.
Corollary 4.3. Let f\ : M\ —> N and f2 : M2 —> N be continuous maps of
closed m-dimensional topological manifolds M\ and M2 into an (m + k)-dimensional
topological manifold N with k > 0. If f\ and f2 are R-bordant, then θ(f\) G
H
m
-k{M\) and w(f\) e H*(M\) correspond to θ(f2) e //m_^(M2) and w(f2) e
H*(M2) respectively by the canonical isomorphisms.
Combining Corollary 4.3 with [3, Theorem 5.1] and [8, Theoreme 5.2], we have
the following.
Corollary 4.4. Let f : M —> N be a continuous map of a closed m-dimensional
topological manifold M into an (m + k)-dimensional smooth manifold N with k > 0.
If f is R-bordant to a topological embedding of a smooth manifold, then θ{f) = 0 in
H
m
-k(M) and w^f) = 0 in //'(M) for all i > k.
REMARK 4.5. In [8], the target manifold N is always assumed to be closed. How-
ever, for the result that we need here, this condition is redundant, which can be proved
as follows. Let / : M -> N be as in the above theorem and we further assume that
/ is a topological embedding. Note that there exists a codimension 0 compact sub-
manifold V (possibly with boundary) of N such that f(M) C Int V, since M is com-
pact. This is a well-known fact if TV is a smooth manifold. If TV is only a topological
manifold, then by [6, Chapter IV, §8], Λf can be embedded in some Euclidean space
as a closed subset. By considering the Euclidean distance function from a point, we
see that there exists a proper continuous map g : N -> R. Since f(M) is compact,
there exist a and b e R with a < b such that g(f(M)) C (a, b). Then by [9, §8,
p. 320] and [11], we can homotope g a little bit so that g is topologically transverse
to a and b e R. Then V = g~ι([a,b]) is the desired submanifold. Let us denote the
map / by f\ : M —• V when we regard V as the target manifold. Furthermore, let us
consider the double D(V) = V U V of V, which is a closed manifold. We denote by
jι : V -^ N and j 2 : V —• D(V) the respective inclusion maps. Then we see easily
that w(f) = w(jι o /i) = w(fι) = w(J2 ° /i) e H*(M). Since the target manifold D(V)
of h o /i is closed, Haefliger's result implies that Wi(j2 o f\) vanishes for all / > k.
Thus we have wι(f) = 0 for all / > k.
EXAMPLE 4.6. Consider a continuous map f : M —>> Sn+1, where M is a closed
1-connected n-dimensional smooth manifold with w2(M) ^ 0 (for example, n = 4 and
M = CP2). Since #
n
_i(Af) = 0, θ(f) always vanishes. However, w2(f) = w2(M) =
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w2(M) does not vanish by our assumption. Hence, / is not /?-bordant to a topological
embedding.
Corollary 4.4 suggests the following problem.
Problem 4.7. Let / : M -• N be a continuous map of a closed m -dimensional
topological manifold M into an (m + fc)-dimensional topological manifold N with k >
0. If θ(f) = 0 in H
m
-k(M) and wt{f) = 0 in # f(Λf) for all i > jfc, then is / fl-bordant
to a topological embedding?
We have a positive answer in the following situation, for example.
EXAMPLE 4.8. Consider an arbitrary continuous map / : S] —> N, where N is
an arbitrary 2-dimensional topological manifold. Then it is not difficult to show that
θ(f) e Ho(Sι) always vanishes (for example, we may assume that TV is a smooth sur-
face and can use the generic map argument as in [12], [3]). Furthermore, obviously
we have Wi(f) = 0 for all / > 1. On the other hand, it is not difficult to show that
every element of H\(N) can be represented by a topological embedding of S1 into N.
Thus, by Corollary 3.3, we see that every continuous map / : S1 —>> N is /?-bordant
to a topological embedding. In fact, when TV is smooth, every continuous map / is
/?-bordant to a smooth embedding.
The answer to Problem 4.7 is negative in general as the following example shows.
EXAMPLE 4.9. Let W be the interior of the compact smooth 4-manifold W con-
structed by Silver [13, Theorem]. Recall that W is homotopy equivalent to WotfCP2,
where Wo is a compact smooth 4-manifold with H*(Wo',Z) = 0, and that no nontrivial
element of H2(W;Z) = Z can be represented by a topologically embedded 2-sphere.
Let / : S2 -> W be a continuous map which represents an odd multiple of a genera-
tor of H2(W';Z) = Z. Such a continuous map exists, since W is homotopy equivalent
to WoΰCP2. Note that θ(f) = 0 and that Wi(f) = 0 for all / > 2. Suppose that / is
/?-bordant to a topological embedding g : F -• W\ where F is a closed surface. Then
by Proposition 3.2, we see that F is homeomorphic to S2 and that /*[S2] = g*[F] in
H2(Wf;Z2) = Z2. In particular, g represents a nontrivial element of H2(W\Z). This
contradicts the result of [13]. Hence / is not /^-bordant to a topological embedding,
although θ(f) = 0 and w^f) = 0 for all i > 2.
Note that the above continuous map / is bordant (in the sense of Conner and
Floyd [5]) to a topological embedding, which follows from results obtained in [5] and
[17].
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REMARK 4.10. Let us consider the following bordism relation introduced by
Stong [15]. Two continuous maps /) : Mj —> Nj (7 = 1, 2) between closed manifolds
(dimMy = m, aim. Nj = n) are said to be bordant in the sense of Stong if there exists a
continuous map F : V —> W between compact manifolds (dim V = m+l, dim W = n+\)
such that 3V = M
x
 U M2, 3W = iVi U 7V2 and F\M } = fj (j = 1, 2). Brown [4] and
Aguilar, Pastor [1] have considered the problem of finding an embedding in a given
bordism class in the above sense. Using the results obtained in [1], we see the follow-
ing: a continuous map f : M —• N with dim TV = dimM+k (k = dimM — 1, dimM —2)
is bordant in the sense of Stong to a smooth embedding if θ(f) = 0 and Wi(f) = 0 for
all i > k.
Finally, we have a small remark about the "invariance" of the obstruction class.
Recall that, when we say that the obstruction is "invariant", the source manifolds of
the relevant maps coincide with each other in [3], while they may be different in the
present paper. In fact, the invariance in the sense of the present paper is weaker than
that considered in [2] as is seen in the following example.
EXAMPLE 4.11. Consider two continuous maps f\ and fa : T2 —> KP2 x R such
that
(1) f
u
(a) = /2*(*) = M, and
(2) f
u
(b) = faΛa) = 0,
where T2 = Sι x Sι is the 2-dimensional torus, a = [Sι x {*}] and b = [{*} x Sι] are the
generators of H\(T2) = Z 2 Θ Z2, and u is the generator of H\(KP2 x R) =" Z 2 . Then
we have that #(/i) = b and θ(fa) = a. Let h : T2 —• T2 be the involution given by
h(x, y) = (y, x) for (x, y) e Sι x Sι = T2. Obviously we have that f\*oh* = fa*. Hence
the maps f\ and fa are /^-bordant by Proposition 3.2, and thus θ(f\) corresponds to
θ(fa) by the isomorphism h* : H\(T2) —> H\(T2). This example shows the following:
even in the case that the source manifolds are the same, the fact that f\ and fa are
/^-bordant does not necessarily imply that the obstructions θ(f\) and θ(fa) coincide
with each other, but implies that they only correspond to each other by the canonical
isomorphism.
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